Abstract. Various static spin-correlation functions and the weights of the spin excitations, or collective normal-modes, in the van Hove response function, observed in neutron scattering experiments, are calculated as a function of temperature for a model quantum-spin chain. The spins interact through an isotropic Heisenberg exchange that extends to nearest neighbour spins. In our model, spins of magnitude 1=2 form a dimerized chain with alternating exchange interactions. We explore the static and dynamic properties for ferromagnetic and antiferromagnetic exchange interactions. Results for the various properties are shown to be exact in the limit of a large temperature, and we argue the results are very good at small temperatures.
Introduction
Recent experimental progress in the investigation of lowlying excitations in one-dimensional spin-1 2 Heisenberg chains has lead to renewed interest in theoretical approaches to model systems. Special attention is given to systems where, either through a spin-Peierls transition, as in the compounds CuGeO 3 1 and NaV 2 O 5 2 , or through an instrinsic structural asymmetry, a s i n C u W O 4 3 and VO 2 P 2 O 7 4 , the e ective i n tra-chain antiferromagnetic interactions alternate in strength. The materials can show no magnetic order at all CuGeO 3 , or, due to inter-chain coupling, long-range antiferromagnetic order CuWO 4 . In the absence of magnetic order, the ground state of an isolated chain is well described by a dimer state", which consists of adjacent pairs of spins coupled into singlets. The dimer state has total spin zero, and a gap to low-lying excitations, because of the energy required to excite a singlet dimer to a triplet. Assuming that such local excitations acquire dispersion by hopping from one dimer to the next, a quantitative account of the well-de ned magnon peak observed in neutron-scattering can be given 5, 6 . This picture provides an appealing intuitive interpretation of the energy gap at the centre of the Brillouin zone and of the three-fold degeneracy of the excitations, and is exact in the limit of strong dimerization. Conventional spin-wave theory, applied to the paramagnetic state where expectation values of products of spin operators display a full rotational symmetry, cannot readily account for these features.
Neither the spin-wave nor the dimer theory addresses the observed continuum component of the spectrum. This a Present address: Paul Scherrer Institut, CH-5232 Villigen PSI, Switzerland has been interpreted as a two-magnon continuum, or alternatively as a two-soliton continuum 7 . In the dimerized chain, a soliton may be envisioned as a single unpaired spin separating segments of singlet pairs. However, these solitons are subject to a con ning e ective potential 8 , and are always bound in pairs; in this picture, a magnon is a triplet two-soliton bound state. Thus, a two-soliton continuum is possible only in the case of a spin-Peierls chain, and requires a generalization of the model considered here, to include the phonon coupling responsible for spontaneous dimerization. An exception is the limit of a regular undimerized chain, such a s K CuF 3 9 , in which the con ning potential vanishes, the solitons unbind and the magnon peak is replaced by a t wo-soliton continuum. A full understanding of the excitation spectrum of dimerized chains might be revealed with a combination of techniques, including eld theories and numerical simulations. A review completed in 1981 of various theories on this subject is found in Ref. 10 .
Apart from the dimerized antiferromagnetic chain, one may also consider its ferromagnetic counterpart, and also a mixed" chain where the couplings alternate in sign as well as magnitude. These cases are less well studied, and existing candidate mixed-chain materials 11,12 are organic compounds, for which crystals suitable for inelastic neutron scattering studies are not available. Past theoretical work on the mixed chain 13 has concentrated on the connection with the S = 1 Haldane gap" system.
The theory presented in this paper treats a dimerized chain of Heisenberg spins S = 1=2 with full rotational symmetry and no long-range magnetic order. It can be applied for an arbitrary strength of the dimerization, is, unlike spin-wave theory, correct in the limit of isolated dimers, and the expected results are recovered in the limit of a regular chain. It does not address the continuum part of the spectrum. We show that our results are good in an interval of temperatures of interest in the interpretation of available experimental data. In the limit of an in nite temperature no approximation in the results remains.
In the following section we de ne the model and describe the method of closing the in nite hierarchy of equations of motion for the spin operators. Thereafter, in sections 3 and 4, one nds our expressions for the static spincorrelation functions, the wave-vector dependent isothermal susceptibility, and the spectral weights of the spin excitations in the van Hove response function observed in neutron scattering experiments. Results for these quantities are found in sections 5 and 6; rst a collection of analytic results valid at the two extremes of the temperature and, secondly, extensive results at intermediate temperatures obtained by n umerical analysis. Our conclusions are gathered in section 7.
2 Model and equations of motion The introduction of the variable is essential for the success of our approach. Without this variable, the self-consistency equations would overde ne the correlation functions 16,17 .
It is interesting to enquire if the closure of the equations of motion we adopt can be successfully applied to spins S 1=2. We h a ve concluded that closure at the second level, used here, applied to S 1=2 is not robust and entails a larger degree of approximation than found in our 4 This transformation is nothing but an inversion of the lattice around a site and a rescaling of the exchange interactions. We can express this invariance in a more general form by A n = A 0 ,n for odd integer n, and A n = A ,n for even n. Note that the index n, unlike l in the Hamiltonian 1, counts the total number of bonds between any two spins in the chain. Under the transformation, we nd ! , cf. 14. Since the normal modes are undamped, at the level of approximation we employ, they make contributions to the van Hove response that have a dependence on frequency given by ! ! a and ! ! b . The two functions for the creation events, ! , ! a;b are, apart from the detailed-balance factor 1 + n!, accompanied by the spectral-weight functions, given per spin, 18
The absence of the usual factor 2 in the right-hand side of the rst equality in 18 stems from the fact that we give the susceptibility for correlations hS z S z i q , which are half the value of hS + S , i q , used in 15 and 16.
Results obtained from our model by setting = 0 are easy to derive. It can be shown that the foregoing expressions evaluated for = 0 reproduce those results. Also, setting = 1 w e recover all expressions provided for the regular chain as given in 14 . The authors of 14 did not consider the spectral weights 16, the susceptibility 18, nor the dimerized chain.
Analytic results
First we give the static susceptibility in terms of the correlation functions A n for arbitrary temperature. We nd for q = 0 , On the low temperature-side, analytic results can be derived for = 1, and they coincide with those given in Ref. 14 . For arbitrary , the leading order behaviour for large n can be derived from 9, 10, and 11. In all cases these show at non-zero temperature an exponential decay, with a correlation length which diverges as T ! 0. 
Numerical results
For an arbitrary temperature, equations 9, 10, 12, 13, and 14 are solved numerically. W e discuss the numerical results in three representative cases. In each case, we give an example of the normal-mode dispersion relations, the spectral weights, and the wave-vector dependent susceptibility Figs. 1, 3 , 5. Owing to our choice of the length scale and the fact that we h a ve t wo spins per unit cell, the normal modes ! a;b have a period of 2 and are symmetric around q = , whereas the spectral weights 14 , and seems to be characteristic to our results. The plots of the normal modes and spectral weights reveal the nature of the local order as expected from the respective signs of J and . These quantities are plotted at temperatures T jJj, in order to reveal their structure more clearly. W e observe, that varying the temperature on an energy scale of J has a minor in uence on the plotted quantities, i.e. the relevant energy scale for the temperature dependence of the observed quantities seems to be the larger of J and J, which in our case is always J. and A 2 take the value of 1 12, irrespective of the coupling constants J and . This result can also be derived analytically from our equations. Consequently, the susceptibility diverges at q = 0 for small T as 1=T .
Conclusions
Our theoretical approach to the dimerized chain provides useful results for quantities observed in neutron scattering experiments. In addition, we provide a number of analytic expressions for various quantities shown to be correct for certain points in the parameter space of J, , and T. I t must be emphasized, that a priori the quality of our theory does not depend on the size and sign of , and we demonstrate it is exact for = 0 . W e provide expressions for observable quantities like the van Hove response and the susceptibility in terms of the correlation functions A 1 , A 0 1 , and A 2 , and the model parameters J and at arbitrary temperatures, and our theory therefore enables the interpretation of experiments in a straightforward manner.
For the case of an antiferromagnetic chain, in our theory a gapless branch, is always present for any non-zero , although there is no weight in it at the points of high symmetry in the Brillouin zone. We obtain correct results for this case for high temperatures and for = 0. At low temperatures, the decay of correlations with increasing distance compare well with exact results. The integrated neutron-scattering intensity can be tted to experimental results in order to derive information about the exchange constants J and .
The results given for mixed S = 1=2 chains Fig. 3 , 4 cannot easily be compared to experimental data, as no such materials have been studied by neutron scattering techniques yet. However, organic compounds exhibiting alternating antiferromagnetic and ferromagnetic exchange do exist 12 , and it may be possible to obtain them in su cient quality for neutron scattering experiments in the near future. We predict quite striking changes in the van Hove response as the temperature is increased. For the ferromagnetic chain we believe our excitation spectrum to be accurate over the whole temperature range, as no gap can be expected in this case 10 . Our theory correctly shows a long-range ordered state at T = 0 . T o the best of our knowledge, there are no experiments performed yet on ferromagnetic alternating chains.
Finally, w e w ould like to remark that low-temperature properties of one-dimensional systems are generally difcult to investigate experimentally, as there will always be signatures of higher-dimensional interactions below a nite temperature. Given the increasing number of compounds found by ingenious manufacturing and the progress in experimental skills, one can be con dent that many more experimental results on low-dimensional magnetic materials will emerge in the future.
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